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Abstract. 

We give a simple and explicit example of a complex Banach space which is not 
isomorphic to its complex conjugate, and hence of two real-isomorphic spaces which 
are not complex-isomorphic. 



If X is a complex Banach space, its complex conjugate X is defined to be the 
space X equipped with the alternative scalar multiplication a ® x = ax. In [1] 
Bourgain gave the first example of a complex Banach space which is not isomorphic 
to its complex conjugate, thereby also producing an example of two Banach spaces 
which are isomorphic as real Banach spaces, but not isomorphic as complex Banach 
spaces; see also the work of Szarek [5] and Mankiewicz [4]. The approach of all these 
authors was probabilistic, and no explicit example has been constructed. The aim 
of this note is to give an elementary explicit construction of a Banach space X 
so that X and X are non-isomorphic. Our example has the further advantage of 
being, in a certain sense, entirely natural. 

The space X we construct is a twisted Hilbert space, i.e. X has a closed sub- 
space E so that E and X/E are Hilbertian; this further implies X is hereditarily 
Hilbertian. 

Let u denote the space of all complex-valued sequences, x = (x(n))^ =1 . We let 
e n be the canonical basis vectors. Suppose / : [0, oo) — > C is a Lipschitz map, with 
/(0) = 0. We define a map O : £ 2 — > u> by 



0/(x)(n) = x(n)/(log 
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Here we interpret the right-hand side to be zero if x(n) = 0. We then define Z 2 (f) 
to be the space of pairs (x, y) G £ 2 x to so that 



||(a;,y)||/ = ||x|| 2 + \\y - ^f(x)h < °°. 

It then follows that Z 2 (f) is a Banach space under a norm equivalent to the quasi- 
norm || \\f. Such spaces were first considered in [2], where only the real case was 
considered; however, the switch to complex scalars, and complex- valued / is routine. 

If s G with || s || 00 < 1 then we have the estimate \\Qf(sx)—sQf(x) || 2 < Coll^lh 
where Co depends on the Lipschitz constant of / and this leads to fact that there 
is a constant C such that \\(sx, sy)\\f < C||(x,y)||/. It follows that the spaces E n 
spanned by (e n ,0) and (0, e n ) form a UFDD for Z 2 (f). This UFDD has a certain 
symmetry, which will be used frequently, for if n : N — > N is a permutation and 
= x(7r(n)) then = 

We will now specialize to the functions f a {t) = t 1+ia for —00 < a < 00. We 
write Z 2 (a) = Z 2 (f a ) and Q a in place of 

The following observation is trivial: 

Proposition 1. The complex conjugate of Z 2 (a) is isomorphic to Z 2 (—a). 

Theorem 2. Suppose Z 2 (a) and Z 2 ((3) are isomorphic. Then a = (3. 

Proof. We suppose that a^O and that Z 2 (a) is isomorphic to Z 2 (f3). Let a = 1+ia 
and b = 1 + i(3. 

We first observe the following inequalities for t > s > : 

(1) \t b 

(2) \t b 

(3) \t b -s b -bs b -\t 
For w E £ 2 define Q' f3 (w)(n) = w(n)(\og\w(n)\~ 1 ) b . Note that 

||fi/j(w) - 0^(w)|| 2 < l&H log ||w||2|||Hl2- 
In particular if \\w\\ 2 < 1 

||o^H-o^HI| 2 <|6|. 

If A is a finite subset of N we will let £4 = XlneA 

We will suppose the existence of an operator T : Z 2 (a) — > Z 2 {(3) such that 

||T|| < 1 and, c > so that for every n, \\T(e n ,Q)\\p, ||T(0,e n )||^ > c. We will say 
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- s b \ > t - s 
-s b \ < \b\(t-s) 

-s)\<hb\\s\-\t-s)\ 



that T is admissible if it satisfies these properties, for some c > 0. Clearly if there 
is an admissible operator then, by blocking, we can find an admissible operator 
T and an increasing sequence of integers (p n )^Lo so that f° r suitable sequences 
u,v,w,y e uj we have, setting B n = {p n -\ + 1,... ,p n }, T(e n ,0) = (u£ Bn ,v£ Bn ) 
and T(0,e n ) = (w£ Bn ,y£ Bn ). Here u£ >Bn = J2keB n u ( ft ) e k etc. Henceforward we 
consider only operators blocked in this way. 

Our first objective is to show that we must have lim n ^oo ||w^b„||2 = 0. In- 
deed if this is not the case, then loss of generality we may suppose that T satis- 
fies ||w^b„||2 > 5 > for all n. For any integer N, let A = {1,2... ,N}. Then 
||T(0, iV -1 / 2 ^) \\p < 1 and hence 

N N 

\\N- 1/2 Y,y^ k -MN- 1/2 J2 w ^ k )h < i. 
k=i k=i 

Since \\y£ Bk - ^(^sjlb < 1, we have 

k=i k=i 
From this we get, since ||w£bJ|2 < 1, 

N N 

n(N~ 1/2 £ - ^" 1/2 E%«^)ll2 < 1 + 2|6|. 

k=i k=i 

This simplifies to 

^ E E i^i 2 km^)' - (logoff < a + 2| 6 |)^. 

From this we deduce, using (1), that 

^EE h J | 2 (logv / iV) 2 <(l + 2|6|) 2 
fc=i j'eBfe 

which in turn implies that 

^(logv/iV) 2 < (1 + 2|6|) 2 

for all N, leading to a contradiction. We may thus suppose that limn^oo ||2 = 

0. 
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It now follows, by passing to a subsequence and rearranging that we can further 
suppose that w = 0. We then have c < ||y£sj|2 < 1 for all n, and some c > 0. 

We next show again by contradiction that we cannot have inf ||oo = 0. In- 

deed, in the contrary case, we can assume that for any M there exists an admissible 
T = T M (with w = 0) so that |H|oo < e~ M . 

Under this assumption suppose that n\ < N\ and n2 < N2 are pairs of integers 
and let a r = | logn r and r r = \ log iV r for r = 1,2. Let N be any integer greater 
than max(iV"i, AT 2 ). Suppose A is a subset of {1,2,... , N} with \A\ = ri\. Then 
\\(U, *iU)\\a = n\ /2 . It follows that 

IK V V E ^ + E <B k - ^(n- 1/2 C£ <B k ))h < 1 + |6|- 

For ease of notation let = — log \u(j)\ when ^ and let pj = M otherwise; 

note that pj > M. We can rearrange the preceding equation as 

^E E Kv{j) + v{j)-{a 1 + Pj ) b u{j)\ 2 <{l + \b\f. 
1 keAjeB k 

By averaging we obtain 
1 N 

n E E i^i/O - ) + - + p,)^(j)i 2 < a + 16|) 2 . 

k=i jeB k 
Similarly we obtain 

1 N 

^E E wy(i)+«o-)-(n+Pi) 6 «(j)r<(i+i6i) 2 - 

At this point we use the estimate (3): 
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Thus 



We thus obtain by the triangle law that 
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using the fact that ||w^s fc ||2 < 1 for all k. 

Using a similar calculation for cr 2 , r 2 and using the fact that J2k=i J2jeB k \vU) I 2 — | 
c 2 we obtain that 

< #1 + iv" 2 



where 



Ti - (J\ r 2 -cr 2 



^ l / M- 1 |6|r r 2 + 4 + 4|6k 

K r = ~\ ~ )• 



C 7~t- y 

Now M is arbitrary, and r r , a r are restricted only to be of the form \ log m where 
m E N. It thus follows that for any k > 1 such that k" ^ 1 we must have that 

hm = hm a 

o-^oo ftO" — O" cr^oo K — 1 

exists, which contradicts the fact that a = 3?a 7^ 0. 

Our conclusion is then there exists an admissible T so that inf Hit^s^ ||oo > 0. Un- 
der these circumstances we can apply the diagonalization procedure of Proposition 
l.c.8 of [3] and a subsequence argument to produce an operator £ : Zi{a) — > Z 2 {J3) 
with \\S\\ < 1 and so that S(e n , 0) = (Ae n , (ie n ) and S(0, e n ) = (0, z/e n ) with A ^ 0. 
Let A = {1,2... , N}. Then || ^(A^" 1 / 2 ^, ^iV" 1 / 2 ^) || 2 < 1 where a = ± log AT. 
Hence, 

\ua a -X(a + log \X\) b + < 1. 

As this holds for all iV we must have a = b or a = /3, as required. ■ 

Corollary 3. TTie space ^(a) zs not isomorphic to its complex conjugate when 
a ^ 0. 
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